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Using simultaneous scaling, soil spatial variability of hydraulic functions can be described from a single set of scaling factors. The
conventional scaling approach is based on empirical curve ®tting, without paying much attention to the physical signi®cance of the
scaling factors. In this study, the concept of simultaneous scaling of the soil water retention and unsaturated hydraulic conductivity
functions is applied to a physically based scaling theory. In this approach, it is assumed that soils are characterized by a lognormal
pore-size distribution, which leads directly to lognormally distributed scaling factors. To test this concept, a total of 143 undisturbed
soil samples were collected from two soil depths (25 and 50 cm), with each depth divided into two subsets based on the median soil
capillary pressure head value, as determined from the lognormal pore-size distribution assumption. Moreover, the theory was
compared with the conventional simultaneous scaling method. Both the conventional and physically based simultaneous scaling
method performed equally well for all four subsets, as determined from the reduction in weighted root mean squared residual
(WRMSR) values after scaling. We showed that the theoretical interpretation of the lognormal scaling factor distribution was
applicable to simultaneous scaling of soil hydraulic functions. Ó 2000 Elsevier Science Ltd. All rights reserved.
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Most of the uncertainty in the assessment of water
¯ow in unsaturated soils at the ®eld scale can be attributed to soil spatial variability as caused by soil heterogeneity. The knowledge of the constitutive
relationships for the unsaturated hydraulic conductivity,
water saturation, and soil water matric potential are
essentially required to study water ¯ow as described by
the traditional Richards equation. The exact nature of
the functional dependence of these ¯ow variables with
water content diers among soil types with dierent
particle size compositions and pore-size geometry within
a heterogeneous ®eld soil. This medium-speci®c character of soil hydraulic functions can be described by soil
hydraulic parameters, so that spatially variable soil hy-
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draulic functions are described by spatially variable soil
hydraulic parameters.
The scaling approach has been extensively used to
characterize soil hydraulic spatial variability and to develop a standard methodology to assess the variability
of soil hydraulic functions and their parameters
[20,25,32,33]. The single objective of scaling is to coalesce a set of functional relationships into a single curve
using scaling factors that describes the set as a whole.
The concept of this approach has been developed principally from the theory of microscopic geometric similitude as proposed by Miller and Miller [17]. The
procedure consists of using scaling factors to relate the
hydraulic properties in a given location to the mean
properties at an arbitrary reference point.
Various studies [1,8,16,24] emphasized that scaling of
dierent soil properties for the same ®eld may result in
dierent statistical properties for each of the computed
scaling factor distributions, as for the independent
scaling of soil water retention and hydraulic conductivity curves. For example, it has been shown that scale
factors for soil water retention and unsaturated hy-
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2. Theory
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Assuming a lognormally distributed soil pore radius
(r) distribution, its probability distribution function
(PDF) is de®ned by f ln r  dSe =d ln r, where
Se  h ÿ hr = hs ÿ hr  denotes the eective degree of
water saturation, and f ln r is expressed by the normal
distribution N ln rm ; r2 ,
"
#
2
1
ln r ÿ ln rm 
f ln r  p exp ÿ
;
1
2r2
r 2p
where ln rm and r2 are the mean and variance of logtransformed soil pore radius, ln r, respectively. Hence,
rm is the geometric mean or median pore radius for
which Se  0:5, assuming a lognormal pore-size distribution, and r describes the width of the soil pore radius
distribution. The concept of lognormally distributed
pore size [13] is not new, and was introduced earlier
[7,12]. Pore radius, r, is related to the soil capillary
pressure head, h, by the capillary pressure function
(h > 0 for unsaturated soils)

ED

draulic conductivity functions are not necessarily identical [31,22]. However, at the same time it was emphasized that the ability to characterize all soil hydraulic
functions by a single set of scaling factors is highly desirable when simulating and predicting water ¯ow in
spatially variable ®eld soils. Moreover, while adopting
the similar media concept, equality of scaling factors of
soil water retention and unsaturated hydraulic conductivity functions is expected based on the validity of the
capillary and Poiseuille equations. Early scaling studies
[22,23,31] used an empirical scaling approach, de®ned as
functional normalization, where regression analysis was
applied to either soil water retention or unsaturated
hydraulic conductivity data [27]. Alternatively, Clausnitzer et al. [4] introduced a scaling method whereby both
hydraulic functions were scaled simultaneously using the
conventional ®tting approach, yielding a single set of
scale factors without consideration of the physical signi®cance of the resulting set of scaling factors. Meanwhile, it was shown that scaling factors are log normally
distributed, as has also been demonstrated by many
others [12,16,31,37].
Diculties in applying classical Miller similitude
scaling to soils with a broad range of particle size distributions and non-uniform porosity has resulted in the
development of generalized scaling analysis [24,26],
wherein pore-size distribution is considered the invariant soil quantity. Hence, using this approach, the
characteristic length is associated with pore space (pore
size) rather than the geometric arrangement of both
pore space and solid matrix, leading to degree of water
saturation, S  h=hs , as an additional scaling factor [24]
for ®eld studies. This approach leads to correlated
scaling factor values between those computed from retention and unsaturated hydraulic conductivity functions, which are identical only if soils have identical
porosities (geometric similitude scaling).
Recently, the pore radius, r, was used as the microscopic characteristic length to scale soil water retention
curves for soils that are characterized by a lognormal
pore-size distribution [14]. In their study, the physically
based scale factors were computed directly from the
physically based parameters describing the individual
soil water retention functions [13]. In a subsequent study
[9], the physically based scaling theory was applied to
both soil water retention and unsaturated hydraulic
conductivity data for a forested hill slope soil.
The objective of this study was to extend the physically based scaling approach [14] to the simultaneous
scaling of soil water retention and unsaturated hydraulic
conductivity functions, yielding a single consistent set of
scaling factors. In this analysis, the physically based simultaneous scaling factors are compared with those
computed by the conventional scaling method.
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where c is the interfacial tension (F Lÿ1 ), b the contact
angle, qw the density of water (M Lÿ3 ), and g is the
acceleration of gravity (L Tÿ2 ), to yield an approximate
value of A  0:15 cm2 . This h notation is used
throughout, instead of h denoting the matric potential
head (h < 0 for unsaturated soils). Using Eq. (2), the soil
water retention function is derived from Eq. (1), or


h ÿ hr
ln hm ÿ ln h
 Fn
;
3
Se ln h 
r
hs ÿ hr
where Fn (x) is the normal distribution function de®ned
as


Z x
1
x2
p


exp ÿ
dx;
4
Fn 
2
2p ÿ1

where ln hm and r are the mean and standard deviation
of ln h, respectively. The capillary pressure head hm is
related to the median pore radius rm by Eq. (2). An alternative expression for the retention function given in
Eq. (3) can be written as:


1
ln h ÿ ln hm
p
;
5
Se ln h  erfc
2
r 2
where erfc denotes the complementary error function.
An extensive derivation of the foregoing physically
based soil water retention model was presented by Kosugi [13].
2.1. Scaling of water retention curves
Based on the similar media concept, the scaling factor, ai , is de®ned as ratio of a characteristic length, ki ; of
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Assuming that pore-size distribution is an invariant
quantity, Kosugi and Hopmans [14] de®ned the pore
radius r as the microscopic characteristic length, so that
Eq. (6) becomes
ri
r;
7
or ln ai  ln ri ÿ ln ^
ai 
^r
where ri and ^r are the largest water-®lled pore-radii for
soil sample i, and the reference soil at equal eective
water saturation, respectively. Since rm;i Se  0:5 is
assumed as a suitable representative pore radius to
characterize individual soil water retention curves, its
value is selected as the macroscopic characteristic length
scale [14], so that Eq. (7) becomes
rm;i
or ln ai  ln rm;i ÿ ln ^
rm :
8
ai 
r^m

I
Y
i1

1=I

ai

 1:0

or

I
1X
ln ai  0;
I i1

ln hm;i ;

9
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r^2  Mean r2i  

I
X

2.2. Scaling of unsaturated hydraulic conductivity function

Based on the Miller and Miller scaling theory [17],
scaling factors as determined from
Ki Se;i   a2i K^ Se;i 

or

ln Ki  2 ln ai  ln K^

14

are identical as those obtained from soil water retention
scaling as de®ned in Eq. (13) using rm;i as the macroscopic characteristic length scale for both hydraulic
functions. Mualem [18] proposed the following predictive relative hydraulic conductivity model, which can be
solved for Kr;i , provided that the soil water retention
function, Se;i h, is known:
 Z Se;i
Z 1
2
Ki Se;i 
dSe;i
dSe;i
l
 Se;i
:
15
Kr;i 
h
h
Ks;i
0
0

In other words, the relative hydraulic conductivity of
soil sample i, Kr;i , is computed from Ki Se;i  and the
saturated hydraulic conductivity, Ks;i (L Tÿ1 ). In the
predictive unsaturated hydraulic conductivity model, l
describes the degree of connectivity between the waterconducting pores. In the subsequent analysis it is assumed that equal to l  0.5 [18] although other values
can be substituted if so warranted. Combining Eqs. (11)
and (15) yields, the functional relationship between Kr;i
and Se;i (see Appendix A)
2


ri
0:5 1
erfc erfcÿ1 2Se;i   p
;
16
Kr;i Se;i   Se;i
2
2

CT

it was shown by Kosugi and Hopmans [14] that ln r^m is
equal to the arithmetic mean of all ln rm;i -values in the
set. Subsequently, using the capillary equation (2), ln h^m
and r^2 are computed from
1
ln h^m  Mean ln hm;i  
I

or ln ai  ln h^m ÿ ln hm;i : In [14] it was shown that the
scaling factors determined from Eq. (13), while assuming a lognormal pore-size distribution model, are lognormally distributed.
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Subject to the constraint that the geometric mean of the
set of scaling factors is unity, i.e.,

13
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ki
:
k^

h^m
hm;i
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ai 

ai 
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^ of a reference
soil sample i to the characteristic length, k,
soil:

3

i1

I
1X
r2 ;
I i1 i

10
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where I denotes the number of soil samples in the set
and the individual ln hm;i - and r2i -values are determined
from the ®tting of Eq. (5) to individual soil water retention data to yield the soil water retention curve for
soil sample i, Se;i , or


1
ln h ÿ ln hm;i
p
:
11
Se;i ln h  erfc
2
ri 2

UN

Henceforth, the reference soil water retention curve was
described by
!
^m ÿ ln h
ln
h
S^e ln h  Fn
r^
!
1
ln h ÿ ln h^m
p
;
12
 erfc
2
r^ 2

where ln h^m  ln A ÿ ln r^m  represents the mean ln hvalue for the reference soil. Accordingly, scaling factors
for each soil sample, i, can be computed directly from

where erfcÿ1 denotes the inverse complementary error
function. In the predictive unsaturated hydraulic conductivity model, l describes the degree of connectivity
between the water-conducting pores. In the foregoing
analysis it is assumed that l  0:5 [18], although other
values can be substituted if so warranted. Similarly,
substitution of Eq. (12) into the Mualem model yields
the hydraulic conductivity function for the reference
soil:
 
  K^ S^e
K^r S^e 
K^s
(
"
#)2
^
1
r
ÿ1
0:5
erfc erfc 2S^e   p
 S^e
;
17
2
2
where K^ S^e  and K^s denote unsaturated hydraulic conductivity (L Tÿ1 ) and saturated hydraulic conductivity

ADWR 383
A. Tuli et al. / Advances in Water Resources 00 (2000) 000±000

ln K^s  Mean ln Ks;i  
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Moreover, Eq. (14) written for the saturated hydraulic
conductivity predicts that Ks is lognormally distributed
since the log-transformed scaling factors, ln ai; are normally distributed.

3. Material and methods

ED

3.1. Experimental

F

I
1X
ln Ks;i :
I i1

conductivity of the membrane in the combined ¯ow and
optimization code. Consequently, ¯ow is not controlled
by the membrane but solely by the soil, thereby improving the parameter optimization procedure. In addition, the optimization code provides for a timedependent lower head boundary condition, to accommodate for the time-dependent water level in the burette, as measured with pressure transducers [29].
We assumed that the soil hydraulic properties are
described by the lognormal pore-size distribution model,
leading to the soil water retention and unsaturated hydraulic conductivity models, described by Eqs. (11) and
(16), respectively. Whereas the saturated water content
was ®xed to its measured value, the residual water
content hr  for each sample i, hm;i ; ri , and Ks;i were
considered ®tting parameters, to be optimized by the
SFOPT software [29]. After parameter optimization of
the soil hydraulic functions for each soil core, the data
were divided into two subsets for each soil depth based
on the magnitude of their optimized hm;i -values, thereby
grouping the soils into ln hm;i -values smaller or larger
than 6.0. This grouping was conducted to satisfy the
lognormality assumption of Ks and hm;i within each
subset, as tested using fractile diagram analysis. Rather
than the heuristic soil grouping based on the hm -magnitude, we initially attempted to classify soils based on
soil texture and related measured soil physical properties
(bulk density, measured and optimized saturated hydraulic conductivity), but this analysis failed likely because of other non-measured soil attributes that control
¯ow.

OO

(L Tÿ1 ) of the reference soil, respectively, and S^e represents the soil water retention curve of the reference soil
(Eq. (12)). Writing Eq. (14) for the saturated hydraulic
conductivity and substitution of the constraint that the
geometric mean
P of the set of scaling factors is equal to
unity 1=I Ii1 ln ai  0 leads to the convenient result that the saturated hydraulic conductivity of the
reference soil K^s  is equal to its geometric mean, or
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To test the proposed simultaneous scaling theory,
undisturbed soil samples were collected from 72 64  64
m2 plots at two depths (25 and 50 cm) in a 40 ha ®eld.
This long-term research on agricultural systems
(LTRAS) project is conducted at the Russell Ranch of
the University of California [3,28] to study the long-term
eects of irrigation and nitrate application to the sustainability of California agriculture. The ®eld includes
three dierent soil series: the Yolo (®ne-silty, mixed,
non-acid, thermic Typic Xerorothents), the Rincon (®ne
montmorillonitic, thermic Mollic Haploxeralfs), and the
Brentwood (®ne, montmorillonitic, thermic Typic Xerocrepts). Within each 64  64 m2 plot, 8.25-cm inner
diameter and 6-cm long soil cores were collected using a
soil core sampler. The range of values of the main soil
physical properties as obtained from these soil cores are
[28]: bulk density, 1.22±1.66 g cmÿ3 ; organic matter,
0.43±1.63%; saturated hydraulic conductivity, 0.0002±
17.79 cm hÿ1 ; saturated water content, 0.32±0.50 cm3
cmÿ3 ; sand (63±2000 õm), 11±56%; silt (2±63 õm), 34±
80%; and clay (<2 õm), 3±22%. For each core sample,
soil hydraulic functions were measured using the multistep out¯ow method in combination with parameter
optimization [6,11].
The multi-step out¯ow method and parameter optimization code were slightly modi®ed to improve the
overall experimental outcome. Instead of a ceramic
porous plate, we used a nylon membrane to support the
core sample in the Tempe pressure cell. The low hydraulic resistance of the thin nylon membrane provides
high ¯ow rate and bubbling pressure (700 cm), thereby
making it more suitable for parameter optimization.
Pressure dierences across the low resistance membrane
are small so that there is no need to specify a hydraulic

3.2. Scaling method
In the physically based (PB) scaling method, the
functional parameters, ln h^m , r^2 , and K^s for the reference
soil water retention (Eq. (12)) and unsaturated hydraulic
conductivity (Eq. (17)) for each subset (at 25 and 50 cm)
were computed directly from Eqs. (9), (10), and (18)
using the optimized soil core-speci®c parameters of the
individual soil retention and unsaturated hydraulic
conductivity functions. Scaling factors were directly
calculated from the retention curve parameter, hm;i , using Eq. (9). Subsequently, their values were applied to
the K-scaling as well, using Eq. (14).
In the conventional scaling approach (C), the parameters, ln h^m , r^2 , and K^s for the reference soil water
retention (Eq. (12)) and unsaturated hydraulic conductivity functions (Eq. (17)) and scaling factor values were
simultaneously estimated by a least squares ®tting procedure provided in the Excel software [36], minimizing
the residual sum of squared dierences between the
scaled mean curves and the scaled hydraulic data
[4,10,14]. De®ning appropriate weighting factors, the
weighted root mean squared residuals (weighted
RMSR) were minimized from
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I
1X
ln ai  0:
I i1
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This was done to be consistent with the physically based
scaling approach.

4. Results and discussion

4.1. Optimized individual soil hydraulic functions

The average of all ®tting parameter values for both
subsets and sampling depths are listed in Table 1 (h^m ; r^,
and K^s ). These parameters combined de®ne the reference
hydraulic functions from which the individual hydraulic
functions are scaled by the physically based (PB) scaling
method using Eqs. (13) and (14). The data clearly show
that the two subsets for each soil depth are distinctively
dierent regarding their r^2 -values, indicating that this
grouping resulted in classi®cation of soils with distinct
pore-size widths. That is, according to the selection of
the pore-size distribution model for the soil water retention function, r denotes the standard deviation of the
pore-size distribution, with larger r-values characterizing soils with a wider range in water-conducting pore
radii (®ner-textured soils). An even better illustration of
the dierences between the two subsets is presented in
Fig. 1, where the apparent coarser-textured soils are
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j
is the jth eective water saturation of soil
where Se;i
sample i with a jth capillary pressure head of hj ; S^e ai hj 
the eective water saturation of reference soil obtained
by substituting h  ai hj into Eq. (12), ln Kij is the natural
logarithm of jth unsaturated hydraulic conductivity of
j
,
soil sample i, with a jth eective water saturation of Se;i
j
and ln K^ Se;i  is the natural logarithm of unsaturated
j
. In this
hydraulic conductivity of the reference soil at Se;i
study, we used 11 arbitrarily selected j- classes within the
applied external pressure range in the multi-step out¯ow
experiment of 20, 40, 60, 80, 100, 200, 300, 400, 500, 600,
and 700 cm. Se -values selected for the scaling of individual soil water retention and unsaturated hydraulic
conductivity data (both PB and C method) correspond
with the capillary pressure head values, determined by
these applied air pressure increments.
To allow for equal weighting between the retention
and conductivity data normalizing parameters de®ned
by the inverse of the standard deviations, rSe and rln K ,
as computed from all data within each subset were se-

lected [5]. In the ®tting procedure, the geometric mean of
scaling factors was constrained to unity, or,

PR

Weighted RMSR
(
" J i
#)
I
2 1=2
X
X j
1
1
j
^
Se;i ÿ Se ai h 

PI
rSe
j1
i1 J i i1
(
" J i
I
X
X
ÿ j
1
1

ln Kij Se;i
PI
rln K
j1
i1 J i i1
#)1=2
2
ÿ j
;
19
ÿ 2 ln ai
ÿ ln K^ Se;i

5

Table 1
Parameters for reference soil hydraulic function curves (PB ± physically based scaling; C ± conventional scaling)
ln h^m
r^2
Depth (cm)
Number of samples
Subset

ln K^s

C

PB

C

PB

C

56
16

ln hm;i < 6:0
ln hm;i P 6:0

5.02
7.49

5.04
7.19

2.05
7.00

1.51
5.59

)2.27
)2.54

)2.88
)3.55

50

49
22

ln hm;i < 6:0
ln hm;i P 6:0

5.17
7.51

5.19
7.11

2.06
7.48

1.35
4.68

)1.92
)2.17

)2.71
)4.36

UN

CO

PB

25

Fig. 1. Values of r2i , versus ln hm;i for both sampling depths.
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Fig. 2. Fractile diagram of the saturated hydraulic conductivity (ln Ks;i ) for the both soil depths.

mean and unit variance, using normal probability tables.
In the case of testing for lognormality, the saturated
hydraulic conductivity data must ®t along a straight line
through the origin. The approximate linear ®t to the
data indicates that the selected hm -criterion was adequate to yield subsets of lognormally distributed Ks values.
Whereas in the PB approach, the mean value of ln Ks;i
ln K^s  for the reference soil was directly computed from
optimized Ks -values of each soil sample i using Eq. (18),
the ln K^s in the C-method was optimized by minimization of the residuals in Eq. (19). Since the saturated
hydraulic conductivity is among the fundamental soil
physical parameters controlling water ¯ow in soil, Ks is
expected to be correlated with the soil pore radius distribution parameters hm;i and r2i . For example, coarse
textured soils with large pores and narrow pore-size
distribution will generally have larger conductivity values than the ®ne textured soils with wider pore-size
distribution, at the same degree of saturation.
Indeed, when comparing ln K^s -values in Table 1, we
notice a lower saturated conductivity for the subsets
with ln hm;i P 6:0 (both soil depths), characterizing the
®ner-textured soils with larger values for the median
(h^m ) of the reference soil. However, for the same hm value, Eq. (A.6) predicts that soils with larger r-values
(i.e., a wider pore-size distribution) have larger Ks ,
which contradicts our ®nding that apparent coarsertextured soils can be identi®ed by smaller r-values. As
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identi®ed by ln hm;i -values smaller than 6.0. We were,
however, unsuccessful in using soil textural analysis to
identify these two soil groupings a priori. Hence, other
soil characteristics rather than soil texture alone, such as
macroporosity and pore connectivity, may be needed to
establish classes of hydraulically active soils. It may
explain why many studies to relate soil water retention
and/or unsaturated hydraulic conductivity with simple
soil physical properties using pedotransfer function and
regression analysis, have been partly unsuccessful
[30,35].
In addition to the assumptions proposed by Kosugi
and Hopmans [14] that lead to lognormally distributed
scaling factor values, we have shown in Eq. (18) that the
lognormal pore-size distribution model combined with
the similar media scaling theory predicts that also the
saturated hydraulic conductivity is lognormally distributed. Lognormality has been demonstrated by many
experimental studies [15,19] and was also suggested by
Kosugi and Hopmans [14] for lognormally distributed
scaling factors. Lognormality of the optimized Ks;i was
analyzed by (1) construction of fractile diagrams (Fig. 2)
and (2) applying the Kolmogorov±Smirnov test. This
statistical test con®rmed that the H0 -hypothesis of ln Ks;i
being normally distributed (P  0.2) could not be rejected for each of the two subsets of each sampling
depth. The standard normal deviate presented in the
fractile diagrams is a linear transformation of all conductivity data so that they are normalized with a zero
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The scaling results for the two subsets of the 25-cm
soil depth based on PB scaling are presented in Figs. 3
and 4, respectively. In both ®gures, both the soil water
retention and unsaturated hydraulic conductivity data
are scaled simultaneously using scaling factors obtained
from the median hm;i -values only (Eq. (13)). Solid lines
represent the mean hydraulic functions for the reference

OO

4.2. Simultaneous scaling of soil hydraulic functions

soil. As would be expected, the scaled soil water retention data for each soil sample coincide with the reference
soil water retention curve at Se  0:5, corresponding
with the median capillary pressure head values of 151.41
cm (ln hm;i < 6:0) and 1790.05 cm (ln hm;i P 6:0), respectively (Table 1). Scaling results for the other three
subsets were similar to those shown in Figs. 3 and 4, and
are therefore not presented.
The eectiveness of the simultaneous scaling was
determined by comparison of the weighted root-mean
squared residuals (WRMSR) of the unscaled and scaled
soil water retention and unsaturated hydraulic conductivity data separately as well as combined. Values of
WRSMR for both scaling methods and all four subsets
are listed in Table 2. When comparing the residual
values, it is noted that all subsets showed similar per-

PR

indicated earlier, the soil saturated hydraulic conductivity depends not only on pore-size distribution, but
also on the eective porosity and soil pore tortuosity
and connectivity (the parameter l in Eq. (15)). Moreover, Ks is greatly aected by the presence of macropores.

7

Fig. 3. Simultaneous PB scaling of subset ln hm;i < 6:0 at 25 cm.
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Fig. 4. Simultaneous PB scaling of subset ln hm;i P 6:0 at 25 cm.

Table 2
WRMSR and total reduction in PB and C scaling methods
Subset

Soil water retention
PB

UN

Depth
(cm)

Hydraulic conductivity
C

PB

Total reduction (%)
C

Unscaled

Scaled

Unscaled

Scaled

Unscaled

Scaled

Unscaled

Scaled

PB

C

25

ln hm;i < 6:0
ln hm;i P 6:0

0.437
0.676

0.209
0.306

0.446
0.664

0.235
0.301

0.672
1.464

0.365
0.929

0.658
0.826

0.265
0.356

48.214
42.302

54.704
55.880

50

ln hm;i < 6:0
ln hm;i P 6:0

0.392
0.592

0.235
0.414

0.396
0.585

0.265
0.299

0.548
1.089

0.474
0.837

0.500
0.566

0.353
0.395

24.569
25.631

31.076
39.692

formances with respect to scaling results and total reductions in WRMSR. In general, however, reductions in
WRMSR were not so large as expected which suggests
that the variances of the individual samples, r2i were

quite dierent. As was illustrated in Fig. 2 [14], the
presented scaling theory is based on the premise that the
variance of the pore-size distribution of all considered
soil samples are identical and equal to that of the scaled
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sampled soils characterized by ln hm;i P 6:0 (®ner-textured soil samples with large variation in pore sizes),
whereas the solid lines describe the references curves for
the coarser-textured soil subset with ln hm;i < 6:0 and
smaller pore-size variance. The comparison in Fig. 5
demonstrates that proper identi®cation of dierent soil
groupings is needed to increase the eectiveness of the
similar media-based scaling approach.
Finally, the resulting scaling factor data sets were
statistically analyzed for their distribution characteristics as well. These results are presented in Table 3,
whereas the fractile diagrams of scaling factors for all
four subsets and both scaling methods are shown in Fig.
6. Scaling factor distribution has consistently been
found to be approximately lognormal [4,14,34]. Values
for the slope and intercept of the ®tted linear relationships in Fig. 6 characterize the statistical properties
(mean and variance) of the lognormal scaling factor
distributions. Hence, dierence in slope distinguishes
between scaling factor variability. Since the geometric
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mean reference curve. Dierences in variances between
soil samples is apparent also from inspection of Fig. 1,
demonstrating that the range of variance values is at
least as large or larger than the range of hm -values. The
smaller reduction in WRMSR for the 50-cm depth is
caused by the lower measured variability of the soil
hydraulic functions for that depth as compared to the
spatial variability of the 25-cm depth. The slightly less
eectiveness of the PB-approach is likely the result of
scaling factors determined by the scaling of h at a single
®xed Se -value of 0.5 only, whereas the C-scaling method
computes scaling factors by selecting the optimum Se for
each sample across the whole Se -range, thereby being
more ¯exible.
The dierences in the mean hydraulic functions for
the two subsets at the 25-cm soil depth are presented in
Fig. 5. The shapes of the presented reference curves illustrate what was already inferred from comparison of
the ln h^m - and r^2 -values of the two sets in Table 1. The
dashed lines represent the hydraulic functions for the

9
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Fig. 5. Soil hydraulic function curves of subsets for reference soils at 25-cm depth.

Table 3
Statistical properties of scaling factors (Mean ln ai   0)
Var ai 

CV (%)

Var ln hm;i 

Var ln ai 
PB

C

64.86
93.81

0.30
2.24

0.30
2.24

0.35
0.63

57.55
70.21

0.23
1.40

0.23
1.40

0.29
0.40

Depth
(cm)

Number of
samples

Subset

Mean
ai 
PB

C

PB

C

PB

C

25

56
16

ln hm;i < 6:0
ln hm;i P 6:0

1.16
3.06

1.42
1.37

0.48
78.54

0.60
1.65

59.35
289.42

50

49
22

ln hm;i < 6:0
ln hm;i P 6:0

1.12
2.01

1.15
1.22

0.32
12.34

0.44
0.74

50.53
174.57
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Fig. 6. Fractile diagrams of scaling factors distribution obtained by physically based and conventional method for all subsets of 25- and 50-cm soil
depths.

mean of scaling factors is necessarily zero, linear regression was conducted with the intercept constrained to
zero. From comparison of the ®tted variance values in
Table 3, it can be easily determined that the variance of
the subset with ln hm;i -values larger than 6.0 (open
squares in Fig. 6) is much greater than for the other
subset. This is the case for both soil depths, but less so
for the conventional scaling method. Speci®cally, for the
subset ln hm;i P 6:0 of the PB method, the variance

values between samples of the 25- and 50-cm soil depth
are 2.24 and 1.40, respectively, and are much larger than
any of the other reported values in Table 2 of Hendrayanto et al. [9]. These high variance values, as compared with the dataset of ln hm;i smaller than 6.0 (solid
dots), is caused by the larger variability of the measured
soil hydraulic functions, as demonstrated by the larger
Var ln hm;i -values in Table 3. Since the scaling factors
are directly computed from the median capillary pres-
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After substitution of Eq. (11), the numerator of the
integral in Eq. (15) transforms to
Z Se;i
Z 1
dSe;i
1
 p
exp ÿ ln h
h
r 2p ln h
0
"
#
2
ln hm;i ÿ ln h
 exp ÿ
d ln h:
A:1
2r2i
Substituting y for ln hm;i ÿ ln h=ri yields


Z ln hm;i ÿln h=r
Z Se;i
dSe;i
1
y2
p

exp yri ÿ
dy
h
2
hm;i 2p ÿ1
0
A:2
p
which after substitution of z  ri ÿ y= 2 leads to
ÿ
Z 1
Z Se;i


dSe;i exp r2i =2
p

exp ÿ z2 dz:
ri ln hm;i ÿln h
h
p
h
p ÿ
p
m;i
0
r 2
2

ED

The theory of the physically based scaling method
tested herein is based on the assumption that pore-size
distribution as determined from the soil water retention
curves is lognormally distributed. If in addition it is
assumed that pores are geometrically similar, scaling
factors computed from the median pore size or capillary
pressure head can be directly applied to express variability of unsaturated hydraulic conductivity functions.
Using an experimental data set of soil hydraulic functions, it is demonstrated that scaling factors as determined from individual soil retention curves can be
directly used to scale unsaturated hydraulic conductivity
data. It is shown that the physically based scaling theory
predicts scaling factor and saturated hydraulic conductivity values that are log normally distributed as well.
To test the method, a total of 143 undisturbed soil
samples at two soil depths (25 and 50 cm) were collected
and soil water retention and unsaturated hydraulic
conductivity curves were determined from parameter
optimization using the multi-step out¯ow method. Beforehand, the hydraulic data of each soil depth were
divided into two subsets to satisfy the lognormality assumptions. The physically based scaling method was
compared with a conventional simultaneous scaling
method where scaling factors were obtained by minimization of weighted residuals. With respect to the total
reduction in WRMSR, both methods performed quite
similarly, however, the PB method was slightly less effective, however, much more simple and direct.
We conclude that the physically based simultaneous
scaling approach can be successfully used to express
spatial variability of soil hydraulic functions.

6. Uncited reference

PR

sure head, ln hm;i , the variance of ln ai obtained by the
PB method must be equal to the variance of ln hm;i [14].
It is also of interest to note that the large dierence
between sample variability of the datasets with
ln hm;i P 6:0 corresponds with the largest r^2 -values (with
values of the within sample pore-size variability in the
range of 7.0±7.5) of the same datasets (Table 1).
In addition to the results of the fractile diagrams, the
lognormal behavior of scaling factors was also con®rmed by the Kolmogorov±Smirnov test statistic
P  0:20. Moreover, the large values for the coecient
of variation (CV) of scale factors in Table 3, are another
indication that scaling factors are lognormal distributed
[21]. The CV was calculated for the untransformed scale
factors based on lognormal
scaling
factor distribution,
p

yielding that CV 
er2 ÿ 1  100% [16,31].

11

i

A:3

UN

CO

RR
E

CT

Hence, when written in terms of the complementary
error function, the numerator of the hydraulic conductivity function becomes
ÿ



Z Se;i
dSe;i exp r2i =2 1
ln h ÿ ln hm;i  ri
p


p



erfc

:
h
2
hm;i
2
ri 2
0
A:4

Similarly, when applying the substitution rules to the
denominator of Eq. (15), it transforms to
Z 1
Z 1
dSe;i
1
 p
exp ÿ ln h
h
ri 2p ÿ1
0
"
#
2
ln hm;i ÿ ln h
 exp ÿ
d ln h;
A:5
2r2i
which becomes
ÿ

Z 1
dSe;i exp r2i =2

:
h
hm;i
0

A:6

From Eq. (11), it follows that
ln h=hm;i 
p  erfcÿ1 2Se;i :
ri 2

A:7

Finally, substitution of Eqs. (A.4), (A.6) and (A.7) in
Eq. (15) allows direct computation of Kr;i Se;i  if the
retention function, Se;i ; is known or
2


ri
0:5 1
erfc erfcÿ1 2Se;i   p
;
A:8
Kr;i Se;i   Se;i
2
2
which is identical to Eq. (16).
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